Preface Given a smooth n-dimensional Riemannian manifold (M n ,g), does it admit a smooth isometric embedding in Euclidean space R^ of some dimension N? This is a long-standing problem in differential geometry. When an isometric embedding in R N is possible for sufficiently large N, there arises a further question. What is the smallest possible value for JV? Those questions have more classical local versions in which solutions are sought only on a sufficiently small neighborhood of some specific point on the manifold.
In this book we present, in a systematic way, results concerning the isometric embedding of Riemannian manifolds in Euclidean spaces, both local and global, with the focus being on the isometric embedding of surfaces in R 3 . The book consists of three parts. In the first, we discuss some fundamental results of the isometric embedding of Riemannian manifolds in Euclidean spaces; these include the Janet-Cartan Theorem and Nash Embedding Theorem. In the second part, we study the local isometric embedding of surfaces in R 3 ; we discuss metrics with Gauss curvature which is everywhere positive, negative, nonnegative, nonpositive, as well as the case of mixed sign. In the third part, we study the global isometric embedding of surfaces in R 3 ; the main focus is on metrics on S 2 with positive Gauss curvature and complete metrics in R 2 with negative Gauss curvature. The emphasis of this book is on the PDE techniques for proving these results.
Differential geometers might, at first glance, consider the inclination toward analysis to be misplaced in these geometric problems and might even prefer less local coordinate calculations. However, all local calculations are designed to uncover the relevant PDE in the most efficient manner. The goal of this book is then to give a clean exposition of the techniques used in the analysis of these PDEs.
Completely omitted from the book is the local isometric embedding of higherdimensional Riemannian manifolds in the Euclidean space of least dimension. Works on the higher-dimensional problems have involved much more differential geometry and methods such as exterior differential systems and are therefore far less accessible than the techniques presented in this book.
In integrating the results and techniques of a wide range of literature on the subject, we have tried to accommodate a broad readership as well as experts in the field. It is our objective that this book should provide a good entry into the area for second-or third-year graduate students. With this in mind, we have excluded everything that is technically complicated. Background knowledge is kept to an essential minimum. In Riemannian geometry, we assume only an acquaintance with basic concepts. In analysis, we assume the Cauchy-Kowalewsky theorem and some basic knowledge on elliptic and hyperbolic differential equations. On the ix x PREFACE other hand, we hope that experts in the field will appreciate the organization of the results, covering the span of more than a century, into a unified whole.
Each chapter ends with bibliographical notes. Attributions are kept to a minimum in the body of the text, and the history and context of the works are expanded in the bibliographical notes.
All works quoted herein are already published.
Differential geometry began as the study of curves and surfaces in 3-space. The concept of a Riemannian manifold, an abstract manifold with a metric structure, was first formulated by Riemann in 1868 to generalize these classical objects. Naturally there arose the question of whether an abstract Riemannian manifold is simply a submanifold of some Euclidean space with its induced metric. This is the isometric embedding question. It has assumed a position of fundamental conceptual importance in differential geometry.
We briefly review four important aspects of the field of isometric embeddings of Riemannian manifolds in Euclidean space.
General Isometric Embedding of Riemannian Manifolds.
In 1873, Schlaefli made the following conjecture: Every n-dimensional smooth Riemannian manifold admits a smooth local isometric embedding in R Sn , with s nn(n + l)/2. It was more than 50 years later that an affirmative answer was given for the analytic case successively by Janet and Cartan; they proved in 1926-1927 that any analytic n-dimensional Riemannian manifold has a local analytic isometric embedding in R Sn . Schlaefli's question for the smooth case when n = 2 was given renewed attention by Yau in the 1980's and 1990's.
For the global isometric embedding, Nash in 1954 and Kuiper in 1955 proved the existence of a global C 1 isometric embedding of n-dimensional Riemannian manifolds in M 2n+1 . For smooth isometric embeddings, the difficulty arises from the loss of derivatives in the attempt to solve the nonlinear equations corresponding to the isometric embedding. In an outstanding paper published in 1956, Nash introduced an important technique of using smoothing operators to make up for the loss of derivatives. He proved that any smooth n-dimensional Riemannian manifold admits a (global) smooth isometric embedding in the Euclidean space R N , for N = 3s n + 4n in the compact case and N = (n + l)(3s n + 4n) in the noncompact case. The technique proves to be extremely useful in solving nonlinear differential equations. It has been modified by many people, including Moser and Hormander, and is now known as the hard implicit function theorem, or Nash-Moser iteration.
Following Nash, one naturally looks for the smallest N. In his book Partial Differential Relations, published in 1986, Gromov studied various problems related to the isometric embedding of Riemannian manifolds. He proved that N = s n + 2n + 3 is enough for the compact case. Then in 1989, Giinther vastly simplified Nash's original proof. By rewriting the differential equations cleverly, he was able to employ the contraction mapping principle, instead of the Nash-Moser iteration, to construct solutions. Giinther also improved the dimension of the target space to xi N = max{s n + 2n, s n + n -f 5}. It is still not clear whether this is the best possible result on the dimension of the ambient space.
In 1970, Gromov and Rokhlin and Greene, independently, proved that any ndimensional smooth Riemannian manifold admits a smooth isometric embedding in R s ™+ n locally. The proof is based on the iteration scheme introduced by Nash. For 2-dimensional Riemannian manifolds, better results are available. First, according to Gromov or Giinther, any compact 2-dimensional smooth Riemannian manifold can be isometrically embedded in R 10 smoothly. When the manifolds have some special property, the dimension of the ambient space can be lowered. On the other hand, in 1973 Poznyak proved that any smooth 2-dimensional Riemannian manifold can be locally isometrically embedded in R 4 smoothly. We are more interested in the question of whether we can isometrically embed a 2-dimensional Riemannian manifold in R 3 , locally or globally. The first attempt to establish the local isometric embedding of surfaces in R The study of negatively curved surfaces in R 3 is closely related to the interpretation of non-Euclidean geometry. The investigation of the isometric immersion of metrics with negative curvature goes back to Hilbert. He proved in 1901 that the full hyperbolic plane cannot be isometrically immersed in R 3 . A next natural step is to extend such a result to complete surfaces whose Gauss curvature is bounded above by a negative constant. The final solution of this problem was obtained by Efimov in 1963, more than sixty years later. Efimov proved that any complete negatively curved smooth surface does not admit a C 2 isometric immersion in R 3 if its Gauss curvature is bounded away from zero. Efimov's proof is very delicate and complicated. In the years following, Efimov extended his result in several ways.
Local Isometric Embedding of Surfaces in
Before the 1970's, the study of negatively curved surfaces was largely directed at nonexistence of isometric immersions in R 3 . As to existence, no result for complete negatively curved surfaces was known. In the 1980's, Yau proposed to find a sufficient condition for complete negatively curved surfaces to be isometrically immersed in R 3 . In 1993, Hong proved that complete negatively curved surfaces can be isometrically immersed in R 3 if the Gauss curvature decays at a certain rate at infinity. His discussion was based on a differential system equivalent to the Gauss-Codazzi system.
Closely related to the global isometric embedding problem is the rigidity question. The first rigidity result was proved by Cohn-Vossen in 1927; this states that any two closed isometric analytic convex surfaces are congruent to each other. His proof was later considerably shortened by Zhitomirsky. In 1943, Herglotz gave a very short proof of the rigidity, assuming that the surfaces are three times continuously differentiable. Finally in 1962 it was extended by Sacksteder to surfaces with no more than two times continuously differentiable metrics. For compact surfaces with Gauss curvature of mixed sign, Alexandrov in 1938 introduced a class of surfaces satisfying some integral condition for its Gauss curvature and proved that any compact analytic surface with this condition is rigid. In 1963, Nirenberg generalized this result to smooth surfaces. To do this, he needed some extra conditions, one of which is not intrinsic.
Local Isometric Embedding of n-Dimensional Riemannian Manifolds in R
Sn . For the local isometric embedding of smooth n-dimensional Riemannian manifolds in R Sri , the case n > 3 is sharply different from the case n = 2. For n = 2, there is only one curvature function, and it determines the type of the Darboux equation, that is, the equation for the isometric embedding of 2-dimensional Riemannian manifolds in R 3 . For n > 3, the role of curvature functions is not clear. In 1983, Bryant, Griffiths and Yang studied the characteristic varieties associated with the differential systems for the isometric embedding in R Sn of smooth ndimensional Riemannian manifolds. They proved that these characteristic varieties are never empty if n > 3. This implies in particular that the differential systems for the isometric embedding in R s ™ of n-dimensional Riemannian manifolds are never elliptic for n > 3, no matter what assumptions are put on curvatures. This is a sharp difference from the case n = 2. A related result is the local rigidity proved by Berger, Bryant and Griffiths in 1983.
For n = 3, Bryant, Griffiths and Yang in 1983 studied the characteristic varieties in detail. They were able to classify the type of differential system for the isometric embedding by its curvature functions. Here an important quantity is the signature of the curvature tensor viewed as a symmetric linear operator acting on the space of 2-forms. They proved that any smooth 3-dimensional Riemannian manifold admits a smooth local isometric embedding in R 6 if the signature is different from (0,0) and (0,1). Then in 1989, Nakamura and Maeda proved the existence of the smooth local isometric embedding in R 6 of smooth 3-dimensional Riemannian manifolds if the curvature tensors are not zero. The key step in the proof is the local existence of solutions to differential systems of principal type. 11 . BOUNDARY VALUE PROBLEMS Yau [230] posed two classes of boundary value problems for the isometric embedding of positive disks. The first class is a Dirichlet problem, which prescribes restrictions on the image of the boundary. The other is a Neumann problem, which prescribes the mean curvature of the image of the boundary. In fact, the general form of the Dirichlet problem was proposed earlier by Pogorelov [177] . This chapter is restricted to dealing with the Dirichlet problem. We refer the reader to [106] for the Neumann problem.
We should note that Gromov and Rohklin [71] 
